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ON SOME APPLICATION OF THE MATHEMATICAL TECHNICS TO 
VIROLOGY 


ALEKSANDER GRYTCZUK AND KRYSTYNA GRYTCZUK 


ABSTRACT. In this paper we present some connections between mathematics and 
virology. Moreover, we give the examples of some types viruses, symmetrons with 
full and effective description of they structure. 


1.Introduction.In virology are known (see,[7] pp.171-200) different groups of 
viruses.One of such groups has been found by Stoltz [9],[10] and by Wrigley [11], 
[12] and is called as symmetrons. Virus particles are invariably enclosed by shells 
of protein subunits and these are packed geometrically according to symmetry 
rules. More of known examples are close packed with each subunit surrounded by 
six neighbours,except the twelve vertices which have five neighbours.In the paper 
[2],Goldberg indicated that total number of nearly identical subunits which may 
be regularly packed on the closed icosahedral surface is given by the following 
formula: 


(G) N= 107 +2 = 10 (a? +ab+ b°) +2 


where a,b are given non-negative integers and T = a? + ab + b° is the triangu- 
lation number for the corresponding symmetron. 


Stoltz ( [9],[10] ) and Wrigley ( [11],[12] ) discovered that the symmetrons have 
the construction of linear, triangular and pentagonal and are called : 


(S-W);  disymmetrons, d,=u-—1,u=1,2,3,... 





(S-W)2 trisymmetrons, t = ©-Dv aa 223)... 


(S-W)3 pentasymmetrons, pw = 5 ww +1 = 5tu + 1, w = 1,2,3,... 

Moreover, it is known [11],that an icosahedron has: 30 axes of twofold symme- 
try, 20 of threefold symmetry and 12 of fivefold symmetry.Hence,the subunits on 
the surface of an icosahedral virus may be divided into 30, 20 or 12 corresponding 
previously listed groups symmetry. 
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Let the 30 disymmetrons contain d, subunits, the 20 trisymmetrons contain t, 
subunits and the 12 pentasymmetrons contain pu subunits, then we have 


(S-W) N= 107 +2 = 30d, + 20t, + 12p., 

where 

(1.1) dy, =u—1, ty = SY, po = OY 41 =5t, 41 
and u, v, w are positive integers. 


For each value of N given by the equation (G) the number f (N) of the solutions 
of the equation (S-W) is the number 

theoretically possible ways of making a virus with N subunits, but with differ- 
ent combinations of symmetrons. 


Putting 
(1.2) cx=2vu—1, y=2w—-1, z=u-1 


and using (1.1) in the paper [5] the equation (S-W) has been transformed to the 
following form: 


(L) 2? 4+ 3y? +122 =4T. 


Moreover, in this paper has been proved that total number f (N) of solutions of 
the Diophantine equation (L) is equal to 


(Li) f(N) = REN+hVN, 


where kı is bounded and is independent of N. 

In the same paper in the part entitled "Virological implications" by N.G.Wrigley 
has been remarked that the only other viruses whose structure is known at present 
to 1974 are much smaller,N < 300, so T < 30, thus the virological relevance of this 
mathematical study is therefore ekstremely speculative. 


In this connection has been posed. to the solution (see,[5],p.54) of the following 
problem, which is important for applications in virology: 


2. Problem 


Find all odd positive integers x,y and all non-negative integers z satifying 
the equation (L) for given non-negative integers values of a and b. 

In our paper [3] has been given an effective method for the solution of this 
Problem.Namely,we determine in explicit form positive integers R, S of different 
parity such that (R, S) = 1 and obtain one of such solutions x,y defined by for- 
mula,but all other eventuelle solutions of the equatoin (L) could be determined 
by specific computation.The symbol (R, S) = 1 denote that the positive integers 
R,S of different parity have the greatest common divisor equal to 1. For such 
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computation we can applied of the following inequalities: x < 4max{R,S},y < 
3max{R,S}. 

In our paper [4] has been given complete solution of the Problem.Namely,we 
obtain the explicit formulas giving all solutions in odd, positive integers zx, y of the 
equation (L) for each fixed non-negative integer z € [0, iT), where T = a? +ab+b? 
is given triangulation number. 

First, we note that the Diophantine equation (L) we can present in the following 
form: 


(2.1) x? + 3y? =4(T — 32), 


where T = a? + ab + b°, and a, b are given non-negative integers. 
Since x? + 3y? > 0 and z > 0, then by (2.1) it follows that 
(2.2) 0<z<1T. 


For given non-negative a, b the triangulation number T = a? + ab + b? is fixed 
integer. Therefore, there exist finite number of integers z satisfying the inequality 
(2.2). 


Let z = zo € [0, iT) and To = T — 329 then the equation (2.1) reduces to the 
following form: 


(2.3) x? + 3y? = 4T. 


Since Tọ is positive integer then by application some results of number theory 
(see; [1],p.91 and [8], p.221;p.349) we can presented it in the form: 


(2.4) Ty = R? +38? 


where R,S are different parity positive integers unige determined such that 
have greatest common divisor equal to one. 


From (2.3) and (2.4) follows that the equation (2.1) has the following form: 
(L-G) 2? +3y? =4(R? +35"), 

where R, S are different parity positive integers such that (R, S) = 1. 

In our paper [4] has been proved of the following Theorem: 


Theorem. All solutions in odd, positive integers x,y of the equation: 


(L-G) x? + 3y?=4 (R? + 39?) f 
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where R, S are given positive integers,different parity and relatively prime 
are given by the formulas: 


(L-G)* Ly = |R—3S|, y=R+S and z2 = R + 35, y2 = |R- 8S]. 


This Theorem give full solution of the Problem posed in the paper [4]. 
Remarks 


Remark1. If the equation (L) has a solution in odd positive integers x, y then the 
number T — 3z on the right hand of the equation (2.1) must be odd non-negative 
integer. 


Therefore,if T is an odd positive integer,then it suffices to consider only even, 
non-negative integers z € [0, iT). 

Similarly,if T is an even positive integer,then it suffices to consider only odd 
non-negative integers z € [0, $7). 


Remark 2. J.E.Johnson and W.Chiu in the paper [5] give an example of an virus 
with icosahedral symmetry having the triangulation number T > 30. 


This virus is called "PARAMAECIUM BURSARIA CHLORELLA VIRUS” and 
has the triangulation number T = 169.In the paper [4] has been given the full 
description of the structere for this virus. 


3. Some examples of the symmetrons with the mathematical description of 
they structures. 


In this paper we give further application of the mathematical technic by using 
of the Theorem to the full desription of the following symmetrons: 


I.Reovirus : T = 13,1. Herpesvirus: T = 16, III.Adenovirus: T = 25. 


I. Reovirus . 


The triangulation number T = 13 is odd positive integer, hence by Remark 1 it 
follows that it suffices to consider the even number z = 0, 2, 4. 


For z = 0,we have Ty = T = 13 = 12 +3.-2?.Hence R = 1,9 = 2 and 
consequently by the Theorem it follows that equation (L-G) has the following 
solutions in odd positive integers: 





(3.1) zı =|R—3S|=5,y, =R+S =3 and zy = R+3S =7,y = |R- S| =1 





For z = 2 we have Tọ = T — 3z = 13 — 6 = 7 = 27 +3-1?,hence R= 2,5 = 
1.Therefore we get 
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(3.2) xı = |R- 3S| = 1,yı = R+S = 3 and z = R439 = 5,y2 = |R- S| = 1. 





For z = 4 we have To = T — 3z = 13— 3-4 = 13 — 12 = 1.This case is 
impossible, because the numer 1we can not presented in the form 1 = R? + 39°, 
with positive integers such that (R, S) = 1. 


Now, by application of the formulas (1.2) and (S-W);-(S-W)3 we can deter- 
mined the number of the disymmetrons,trisymmetrons and pentasymmetrons in 
the structure of the viuse I. For the case z = 0, we have 


(3.3) xı = 2v —1=5,y, = 2w-1=3,z=u—-1=0. 
From (3.3) we get that 
(3.4) v = 3,w=2,u=1 


By (3.4) and (S-W),-(S-W)s it follows that 








(3.5) d, =u—1=0,t, = 4 =3,p, =5- 2 +1 =6. 
From (3.5) and the formula (S-W) we get that 


N =107T+2= 10-1342 = 132 = 30d, + 20t, + 12p,, = 30-04 20:34+12-6= 
60 + 72 = 132. 


In similar way for the second case of the solutions given in (3.1) we obtain 
(3.6) du = 0, ty =6,py = 1. 
From (3.6) we have N = 30-0+ 20 - 6 + 12- 1 = 1204 12 = 132. 


In the case (3.2) we obtain for xı = 1,y, = 3 that v = 1,w = 2,u = 3, and 
consequently we have 


(3.7) du = 2,ty = 0, pu = 6. 


From (3.7) we get that N = 30 ; 2 + 20-04 12-6 = 60 + 72 = 132. 
For the second solution of the case (3.2) we have x2 = 5, y2 = 1,hencev = 3,w = 
1, u = 3.Therefore we obtain 


(3.8) du= 2, ty = 3, Pu = 1. 


From (3.8) we have that N = 30 : 2 + 20 - 3 + 12. 1 = 60 + 60 + 12 = 132. 

From the mathematical calculations follows that the symmetron called as the 
Reovirus with the triangulation number T = 13 has the following structure with 
respect to the number of the disymmetrons d,,, trisymmetrons t, and pentasym- 
metrons puy: 
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du | ty Pw | Z = 40 
0 316 |0 
0 I6 J1 J0 
2/0 |6 |2 
2 |3 |1 |2 




















By similar calculations we obtain the full ad effective form of the structure for 
the Herpesvirus and Adenovirus. The final results we present in the correspondig 
Tables. 


II. Herpesvirus 


Since T = 16 thus we see by the Remark 1 that z is odd nmuber such that 0 < 
z < 1, hence z = 1,3, 5.For z = zo = 5 we have that Tọ = T — 3z = 16 -3-5 = 1. 


This case is impossible , because 1 #4 R? + 3S? for positive integers R, § such 
that (R, S) =1. 


Hence, we have 











z= zo To = T — 329 To = R +38? RIS Tı | Yı | T2 | Y2 
1 To =16-3=13 |13=1?+3.2|1/215 |3 |7 |1 
3 To =16-3-3=7|7=2 +3.27 |2 |1|1 3 I5 M1 



































N =30-d, +20-t, +12- po 
N=30.1+20.3+12.6= 162 
N 

N 


kJ 
~œ 
© 








= 30-14 20-64+12-1=162 
= 30 -3 + 20-0+12-6 = 162 
= 30-34 20-34 12.1 = 162 
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The graphic presentation of the Herpesvirus with the triangulation number 
T = 16 has d, = 1,t, = 3,p, = 6. Pentasymmetrons have the colour red, trisym- 
metrons have the colour blue and disymmetrons have the colour yellow. 








III. Adenovirus 


Since this virus has the triangulation number T = 25,hence it suffices consider 
only even numbers 0 < z < Ë. 


Consequently , we consider the numbers z = zo = 0, 2, 4,6, 8.If z = zo = 0, then 
we have Ty = T — 3z = 25 4 R? +387. 


Similarly, if z = zo = 8 then we have Ty = 1 # R? + 3S?.We see that this two 
cases are imposiible. Hence, we have 





= 20 To = T — 320 To = RŽ + 392 




































































z R| S| zı | yı | T2 | ye 
2 To = 19 WH=f437 4/1 7 13 
4 Ty = 13 13=1?+3.-2 | Tes 13 7 l1 
6 To =7 7=2 +3.12 [711 13 5 1 
z = zo | du | tv | py | N = 30 - du + 20 - ty + 12- pu 

2 2 |0 |16| N=30.2+20-0+12-16= 252 

2 2 l6 l6 |N=30-2+20-6+12-6= 252 

4 4 13 16 |N =30.4+20.3+12.6= 252 

4 4 16 |1 |N=30-4+20-6+412-1=252 

6 6 l0 16 | N=30-6+20-0+4 12-6 = 252 

6 6 13 [1 |N=30-6+20-3412-1=252 





























The graphic presentation of the Adenovirus with triangulation number T = 
25.Pentasymmetrons py = 1 have the colour red,trisymmetrons t, = 6 have the 
colour blue and disymmetrons du, = 4 have the colour yellow 
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